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An approximatlve method Is proposed for solving problems for plane stationary currents of an Ideal 
incompressible fluid with one free boundary. The problem of the flow of a heavy fluid out from under a 
curved panel and symmetrical problems on the cavitation flow around curved arcs according to different 
classical systems [1] in a longitudinal gravitational field belong to this class, for example. The method 
is illustrated on the example of the solution of the prolSlem of cavitation flow around a fixed curved arc 
mounted on a horizontal base by Ryabushinskii's system in a gravitational field perpendicular to the direc- 
tion of the inflowing current. 

The fixed curved boundary (the arc P) is given by the equation ~I, =~" (1), where @ Is the angle of in- 
cllnatlon of the tangent to the given arc to a horizontal llne and I is the abscissa of the arc. The arc P is 
approximated by some curve ~, = 4,,(I) having a continuous derivative in such a way that r  =4, for a 
finite number of values of the arc abscissa I. The linearlzation of the boundary conditions for the free 
surface, in which the condition of constant pressure in the cavity is satisfied exactly at a finite number of 
points of this boundary, is conducted as in [2, 3]. With such a finite approximation of the boundary condition 
the solution bf the problem (in the plane of the auxiliary parametric variable) is obtained in explicit form. 
The principal difficulty consists In the determination of numerical values for the parameters entering Into 
the solution of the problem from a system of nonlinear transcendental equations. The method of solving 
thls system using an electronic computer is based on an algorithm presented In [3] for systems of equations 
of th i s  type .  

A s tudy  of q u e s t i o n s  of the  e x i s t e n c e  and un ique ne s s  of the  so lu t ion  fo r  a b r o a d  c l a s s  of p r o b l e m s  of 
the  h y d r o d y n a m i c s  of an idea l  f luid wi th  f r e e  b o u n d a r i e s  b a s e d  on the method  of f in i te  a p p r o x i m a t i o n  is con -  
duc ted  in the  w o r k s  of V. N. Monakhov [2]. In th i s  c a s e  the c u r v e d  b o u n d a r i e s  a r e  a p p r o x i m a t e d  by po lygons .  

P r e v i o u s l y  the a p p r o x i m a t i v e  a n a l y t i c a l  s o l u t i o n s  of p r o b l e m s  on the j e t  flow a round  f ixed  c u r v e d  
o b s t a c l e s  w e r e  ob t a ined  only In the  c a s e  of a w e i g h t l e s s  f lu id  [4]. 

l , e t  us  e x a m i n e  the p l ane  e s t a b l i s h e d  flow of an idea l  heavy f lu id  runn ing  up a g a i n s t  a c u r v e d  a r c  P 
which is l o c a t e d  on a h o r i z o n t a l  s t r a i g h t  b a s e .  As  the  d i a g r a m  of the c a v i t a t i on  f l o w w e  adopt  R y a b u s h i n s k l i ' s  
d i a g r a m  with a " m i r r o r "  (F ig .  1). B e c a u s e  of the  a s s u m e d  s y m m e t r y  of the  flow it is  su f f i c i en t  to l i m i t  the  
e x a m i n a t i o n  to  the c u r r e n t  in the  r eg ion  D z bounded  by the flow l ine  CDAB and the e q u i p o t e n t i a l  l ine  BC. 
We se t  the  o r ig in  of the  C a r t e s i a n  c o o r d i n a t e  s y s t e m  at  the point  A of b r e a k i n g  away  of the  flow; the a b s c i s s a  
is  d i r e c t e d  h o r i z o n t a l l y  and the  o r d i n a t e  p e r p e n d i c u l a r  to the  v e l o c i t y  v e c t o r  of the  inf lowing c u r r e n t .  

T h e  c u r v e d  a r c  P is  g iven by the equa t ion  

'F = 'i" (l,) ( / ,  -- t / L, 0 ~ / ,  ~ 1) (1) 

w h e r e  4, i s  the  angle  be tween  the  t angen t  to  the  a r c  P and the  x ax i s ;  l is  the  length of the a r c  m e a s u r e d  
a long  P;  L is t he  t o t a l  length  of the  a r c  P .  H e nc e fo r th  wc wi l l  a s s u m e  tha t  the  funct ion ,II ( la)  s a t i s f i e s  the  

H S l d e r  cond i t ion .  
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Fig.  1 F ig .  2 

The  unknown (free) boundary  AB is sought f r o m  the condi t ion of cons tan t  p r e s s u r e  in the c h a m b e r ,  
which on the bas i s  of B e r n o u l l l ' s  equat ion has the  f o r m  

q~ 1 - - -  2 i, ( qo ~ q ~ )  
q0 --Y ~ p(t '--~)Fr ~ L ~=.q~., --1, Fr = (2) 

H e r e  q =q(y) is the v e l o c i t y  at the  point  of the  f r e e  bounda ry  with the ord ina te  y, q0 =q(0), and q ~ is 
the  ve loc i ty  of the und i s tu rbed  flow; p =Y0/L is f ixed p a r a m e t e r  c h a r a c t e r i z i n g  the g e o m e t r y  of the obs tac le ;  
Y0 is the  v e r t i c a l  d imens ion  of the  obs tac le ;  tr is the cavi ta t ion  number ,  F r  is the F roude  number ,  and g is 
the a c c e l e r a t i o n  of g rav i ty .  

The  reg ion  D z is t r a n s f o r m e d  c o n f o r m a l l y  onto the inner  pa r t  of a unit  s e m i c i r c l e  F~ 

I r  I m r  

in a c c o r d a n c e  with the points  shown in Pig. 2 in which the f r ee  boundary  c o n v e r t s  into the a r c  of the c i r c l e  
=e  is (0 ___ s <_ 7r), while  the r e m a i n i n g  p a r t  of the  boundary  c o n v e r t s  into the rea l  d i a m e t e r  ~ =t  ( - - l ~ t _  1). 

Then  the de r iva t ive  of the  funct ion which p e r f o r m s  the t r a n s f o r m a t i o n  to  F~ on the reg ion  in the plane of 
the complex  potent ia l  w = q) + i $ t akes  the f o r m  

dw = Kqo 

where  K is some  r e a l  constant .  

Let  us in t roduce  Zhukovsk iPs  funct ion 

Q (~) = i in ~ - -  1 dw 
qo d~ ~- o (~) + ~ (~) (4) 

w h e r e  ~ is the angle be tween the ve loc i t y  v e c t o r  and the x axis and dw/dz  = qe - i~  is the complex  flow 
ve loc i ty .  

It is e a s y  to obtain a r e p r e s e n t a t i o n  fo r  the funct ion f2(~), ana ly t ica l  in F~, t h rough  the  funct ions  ~(t) 
and 7(s) =ln [q(s)/q0], w h e r e  ~(t) is the  l imi t ing  value  of the r e a l  p a r t  of ~ for  ~ ~ t ~ [to, 1], while  7(s) 
is the l imi t ing  va lue  of the i m a g i n a r y  p a r t  of ~ for  ~ ~ e is (0 <_ s _< n).  In fact ,  at the  boundary  of the 
s e m i c i r c l e  F~ the  funct ion f2(~) s a t i s f i e s  the fol lowing bounda ry  condi t ions :  

I m ~ ( e i ~ ) = ~ : ( s ) = l n ( q ( s ) / q o ) ,  s ~  [0, n] 

{ #(t), t ~ [ t o ,  t] 
Re ~ (t) = 0, t ~ [ --  1, to] 

Hence,  as  a r e s u l t  of so lv ing  the compos i t e  b o u n d a r y  p r o b l e m  we obtain a r e p r e s e n t a t i o n  fo r  the 
funct ion 

to 0 

A c c o r d i n g  to  Eqs.  (3) and (4) the r e l a t ion  be tween the reg ion  of flow and the p a r a m e t r i c  plane is given 
by the  funct ion 

1 

(6) 

823 



~g 

4:] 

g.// ~ g.u 

// i 
I 
I 

\ 
I 
I 

I 
I 
I 

I ,I 

Fig .  3 F ig .  4 

I 

{ 
i 
I 
I 
I 

~ = ~  I 
I / '  I 
I 
I 
I 
I 

80 x 125 
4 

with  ~(~) d e t e r m i n e d  by  Eq. (5). T h e  d e p e n d e n c e  l = l (t) is  found f r o m  the  equa t ion  

t 

l ( t ) :  K t ~ e - t m a ( t ) d t  
to 

(7) 

w h e r e  I m P ( t )  i s  t h e  l i m i t i n g  v a l u e  of the  i m a g i n a r y  p a r t  of ~2(~) fo r  ~ ~ t ~_ [ - 1 , 1 ] ,  w h e r e  a c c o r d i n g  to  

Eq.  (5) 

"~ (~ -- t) ('| -- t~) I -- 2t cos s -~ re' 
0 

F o r  a r b i t r a r i l y  g iven  ~ (t), to-<- t <- 1 and T (s), 0 -< s _< r Eqs .  (4)-(6) g ive  a g e n e r a l  so lu t ion  of s o m e  
i n v e r s e  p r o b l e m  on the  f low a r o u n d  an a r c  w h o s e  f o r m  is  not  known b e f o r e h a n d ,  wh i l e  at t he  b o u n d a r y  AB 
the  p r e s s u r e ,  g e n e r a l l y  speak ing ,  d i f f e r s  f r o m  a c o n s t a n t  p r e s s u r e ,  To  s o l v e  the  d i r e c t  p r o b l e m  on c o n -  
s t r u c t i n g  the  c a v i t a t i o n  flow a r o u n d  a g iven  o b s t a c l e  P i t  is  n e c e s s a r y  to  s a t i s f y  the  b o u n d a r y  cond i t ion  (2) 
a t  the  f r e e  b o u n d a r y  and the  r e l a t i o n  ~ (t) = ~z i1 ( t ) / / ( 1 ) ]  r e s u l t i n g  f r o m  the  s p e c i f i c a t i o n  of the  g iven  a r c  
P t h r o u g h  Eq. (1) 

In t h e s e  equa t i ons  

$ 

r ( s ) =  In l---y-~sin~-e-"sJsin{Re~}(e~)} ds s~[O, nl 
0 

! 

[ t ~ t - - t  n(~)dt], t ~(t) = ~F i - j -  .5 ~ W -  e-Ira [to, t]  
to 

t 

p ( l + a )  Fr 2 ' j =  ~ =  . e-Imnq) dt 
to 

1 

R e  ~ (e  {~) = ~ L ~ ~ - -  Zt  ~o~ ~ + r-  ~ ~o~ ~ - -  ~o~ 
to 0 

(9) 

( l o )  

T h e  equa t ion  f o r  the  c a v i t a t i o n  n u m b e r  fo l lows  f r o m  Eqs .  (4) and (5) at  ~ =0:  

qO 2 

qcr  2 
tc 0 

which  can s e r v e  as  an add i t i ona l  cond i t ion  fo r  d e t e r m i n i n g  the  p a r a m e t e r  t o . H o w e v e r ,  we w i l l  t a k e  t o a s  
f i x e d  f r o m  now o n .  Consequen t l y ,  the  c a v i t a t i o n  n u m b e r  i s  d e t e r m i n e d  a f t e r  s o l v i n g  the  p r o b l e m .  
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With the  goal  of an a pp rox i m a t e  de t e rmina t i on  of the  funct ions ~ (t) and ~(s) f r o m  the s y s t e m  (9) let  
us  begin as  fol lows.  We in t roduce  into the examina t ion  a n u m b e r  of f ixed points  d i s t r ibu ted  on the  boundary  
of  the s e m i c i r c l e  F~ : 

Then  we se t  

(O = so < a < . . . < s m < s ~ . x  = a) ,  t o < t~ < . . . < t,~ < t"§ = ! 

-c (s) = ~ " - ~  (s), 0 (t) = Y, ~ (t) ( i i )  
k = 0  k = 0  

w h e r e  

0, soutside[s~, s~§ 
COS 8 - -  COS s k 

�9 ~ (s )=  ~(s~) + cos%+__coss ['c(s~+~)--r(s~)]~a~+b~coss, s~[s~,s~.+~ l 

[0, ~outside[6,  t~+d 

[~(t#) § ~ - - - - ~ [ O ( t ~ + ~ ) - - O ( 6 ) l ~ e ~  +d~t, t ~  [6, t~+d 

From the construction 

~ (sk) = �9 (sk) ~ ~ (k = 0 . . . . . .  ,~ + ~), 0 ~ (t~) = % (k = 0 . . . . .  ~ + 1). 

In such an in te rpo la t ion  of the funct ions  d (t) and T (s) sought ,  the in t eg ra l s  en te r ing  into the r e p r e -  
senta t ion  (5) of the funct ion ft(~) a re  ca icu la ted  in expl ic i t  f o r m :  

w h e r e  

m 

Q (~) = ~/- b~ (s~§ -- sk) t -- 
= 2~ (12) 

f k ( ~ ) = l n -  ~ - e  ~ B(~) = ~ (c k+dk~ )In, t~+l- ~ 

Sa t i s fy ing  Eq. (9) at the  points  ~k = e i sk  (k= 1, . . . ,  m + 1) and tk(k =1 . . . . .  n) we a r r i v e  at a s y s t e m  
of m + n +  1 equat ions  r e l a t i ve  to  the p a r a m e t e r s  ~'1, - ' . ,  ~ 'm+l ,  41, ..., dn  

s k 

I:~ =-~-1 lnI1--72)~ f s i n + e  -~(~)sinff(e i~)ds I ( k = t  . . . .  . r e + l )  
0 

t k 

to 

( ~ ( t ) = i m ~ ( t ) ,  - - t ~ t ~ . ~ t ,  / ) (ei~)=tler)  ~.tei~), O ~ s ~ - ~ )  

(13) 

A f t e r  f inding the  solut ion of the given s y s t e m  of equa t ions  the  flow is d e t e r m i n e d  by Eqs.  (3), (6), and 
(12). In th is  case  ( f rom the  cons t ruc t ion)  Eq. (1) of the  a r c  P will  be sa t i s f i ed  at the points  z (tk) , k = 0  . . . .  , 
n+ 1, while  the condit ion of cons tan t  p r e s s u r e  (2) wil l  be sa t i s f ied  at the boundary  AB: at the points  z (eiSk), 
k = 0 ,  . . . ,  m + l .  

In the  f i r s t  app rox ima t ion  the p r o b l e m  is so lved  fo r  m =n =0. The  unknown p a r a m e t e r  T 1 =ln  (qB)/q0) 
is d e t e r m i n e d  f r o m  the s ingle  equat ion which r e m a i n s  f r o m  the s y s t e m  of equat ions  (13) in th i s  case .  

Let  us now a s s u m e  that  t.he p r o b l e m  is so lved  in the  i - t h  approx imat ion .  Then  fo r  s o m e  f ixed p a r a m -  
e t e r s  Ski (k = 1 . . . . .  mi) and t ~  ( k = l  . . . .  , nO the  va lues  of 4k  i ( k = l  . . . .  , ni) and T k i ( k = l  . . . .  , m i + l )  c o r -  
respondh~g to  t h e m  a r e  d e t e r m i n e d  f r o m  s y s t e m  (13). Tak ing  into account  the  f o r m  of the  funct ions  ~(t) 
and T(s) given by Eqs .  (11) it is e a s y  to  c o n s t r u c t  the  i n v e r s e  funct ions  t=T(4)  and s =S(~-). 

The  solut ion of the  p r o b l e m  in the (i + 1 ) - t happ rox ima t ion  with m = m i +i  > mi and n = n i +l > ni is con-  
ducted in the fol lowing sequence .  F i r s t ,  u s ing  the  funct ions  t =T(4) and s =S(~) c o n s t r u c t e d  e a r l i e r , t h e  
p a r a m e t e r s  tk=tlk+l  and Sk=Sik+l a r e  chosen :  
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~ k 
tk :T(~Fk)' ~ [ ' ~ - . . ( - n ~ ) ( k : l  

k 

(14) 

The sys tem of equations (13) is solved by the method of i terations.  For this the initial approximation 
~k(~ ~-k(0) is given in the following way: 

#k (~ (k=l .. . . .  '~'+l)' Vk (~ (k=l  ..... ,hi+ , ~-t) 

In choosing the nodes of interpolation of the functions ~(t) and T(s) f rom the function (14) it can be 
expected that the images of the points t k and eiSk in the t ransformat ion (6) will be distributed ra ther  evenly 
along the boundary DAB. After  finding the solution of the sys tem a test  is made of the accuracy  of the 
approximative solution obtained for the hydraul ic  problem: 

1) the result ing profile DA is compared with the given curved arc  P; 

2) the shapes of the cavity in the i-th and (i+ 1)-th approximations are  compared and the condition 
of constant p r e s su re  is checked over the entire free boundary. 

The p rocess  descr ibed for construct ing an approximative solution of the original problem is repeated 
until Eqs. (1) and (2) are  satisfied with the requi red  precision.  

Calculations conducted for a number of curved profi les have shown the high effectiveness of the p ro -  
posed method. 

The resul ts  of a calculation of the problem of cavitation flow around an obstacle in the shape of an 
a rc  of a c i rc le  with a t ea r -away  angle of ~ (1) =35 ~ are  presented below as an example. Curves of the de- 
pendence of the cavity dimensions on the cavitation number in the case of a weightless fluid are shown in 
Fig. 3. For  n =15 the maximum deviation f rom the arc  of a c i rc le  in the shape of the profile obtained is not 
more  than 0.2% (comparison by radius in polar  coordinates) and the computation t ime for one variant  of the 
problem on a BI~SM-6 machine does not exceed one minute. For  n =31 the e r r o r  becomes less than 0.05%. 

A compar ison of the shape of the free boundary for flows of a weightless ; and a heavy fluid with a = 
0.2 is presented in Fig. 4. In this case the calculations were  conducted with m= n =15 and the e r r o r  does 
not exceed 0.2%. 

The author thanks V. N. Monakhova for constant interest  in the work. 
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